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Abstract 

One spin excitation states are involved in the transmission of quantum states and entanglement 
through a quantum spin chain, the localization properties of these states are crucial to achieve 
the transfer of information from one extreme of the chain to the other. We investigate the bipar- 
tite entanglement and localization of the one excitation states in a quantum XX chain with one 
impurity. The bipartite entanglement is obtained using the Concurrence and the localization is 
analyzed using the inverse participation ratio. Changing the strength of the exchange coupling of 
the impurity allows us to control the number of localized or extended states. Our results show 
that equally localized states do not possess the same bipartite entanglement and suggest that only 
a restricted class of localizated states allows the storage and transmission of quantum states. 
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I. INTRODUCTION 



Since the first works dealing with the entanglement shared by pairs of spins on a quantum 
chain, the translational invariance of the chain (and its states) has been exploited to facilitate 

nun 

the analysis of the problem pj, 12, 13|. Anyway, there is a number of problems which do not 
possess the property of being translationally invariant: semi- infinite chains, chains with 
impurities ^\ or, in a more abstract sense, random quantum states These problems 
have localized quantum states whose properties strongly differ from those of translationally 
invariant quantum states. 

Localized quantum states can be used to storage quantum information Gj an play and 
important role in the propagation of entanglement through a quantum spin chain [71]. This 
kind of states also appears in some models of quantum computers in presence of static 
disorder [s]. 

Since the localization of a quantum state is a global property it seems natural to study 
its properties using a global entanglement measure as, for example, the one proposed by 
Meyer and Wallach {q]. Giraud et al. [10] derived exact expressions for the mean value of 
the Meyer- Wallach entanglement for localized random vectors and studied the dep endence 
of this measure with the localization length of the states. Viola and Brown [11] studied 
the relationship between generalized entanglement and the delocalization of pure quantum 
states. Of course there are other possibilities to study the relationship between localization 
of quantum states and entanglement. The bipartite entanglement and localization of one- 



particle states in the Harper model has been addressed 



entropy at localization transitions is studied in re 
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Li et al. |J2i], the entanglement 



erence 13[ and the localized entanglement 



in one-dimensional Anderson model in reference 

In many proposals of quantum computers the qubit energies can be often individually 
controlled, this corresponds to controllable disorder of a spin system. Besides, in these 
models, the effective spin-spin interaction is usually strongly anisotropic, it varies from the 
Ising coupling in nuclear magnetic resonance and other systems [l5Lto the XF-type or 
the XXZ-type coupling in some Josephson-junction-based systems [16|]. The localization 
properties of one and two excitation states in the XX Z spin chain with a defect was studied 
with some detail by Santos and Dykman [17], but they did not study the entanglement of 



the one and two excitation states. 
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In this paper we are interested in the behavior of the locahzation and the bipartite en- 
tanglement of the pure eigenstates of a quantum chain with one impurity when the locahzed 
state, produced by the presence of the impurity, enters in the band of one magnon states 
or one spin excitation states. The one spin magnons are extended states Our 
motivation to examine this problem is twofold. 

First, we aim to characterize the transition between a localized pure state and a delocal- 
ized state when this transition is driven by the intensity of the interaction of the impurity 
with the rest of the chain. Our results show that when the localized state enters the band 
of extended states the localization and bipartite entanglement of all the states in the band 
changes. For a vector in an A^-dimensional Hilbert space, localization can be quantified 
through the inverse participation ratio (IPR) i^/p/? = X]j where \E'j are the 

components of \E'. 

Second, recently Ferron et al. [l8^ studied the entanglement of a resonance state in a 
quantum dot, the resonance state appears when the ground state of two electrons confined 
in the quantum dot (the localized state) is no longer stable and enters the continuum of 
(delocalized extended) states above the ionization threshold. The eigenf unctions of the 
quantum dot above the threshold show a peculiar behavior: if Si{R) is the entanglement 
of the i — th energy level, SY^{R^) is the minimum value of Si{R) as a function of R 
[R is the radius of the quantum dot), i.e. is where Si{R) attains its minimum, then 
i?™ > R^ > R^ > .... Our results show that a very similar scenario is shown by the 
eigenstates of the quantum chain, in particular our results show that the ordering of the 
entanglement of the different eigenstates follows closely the ordering dictated by the amount 
of localization of the quantum state. 

The paper is organized as follows, in Section II we present the XX model describing the 
quantum spin chain with a impurity, and briefly describe how to solve it. In Section III we 
analyze in some detail the spectrum of the one spin excitations. In Section IV we present the 
results obtained for the inverse participation ratio for each one spin excitation eigenstate 
while the bipartite entanglement of the eigenstates is analyzed in Section IV. Finally, in 
Section V, we discuss some of the implications of our results for the transference of states 
through the chain. 



3 



II. THE MODEL 



We consider a linear chain of A^-qubits with XX interaction, in an external magnetic 
field. The coupling intensities are homogeneous except at one site where the coupling is 
different. The system is described by the Hamiltonian 



Hxy{.a) 



(1) 



i>l 



where a"' are the Pauli matrices, /i > is the external field, J < is the exchange cou- 
pling coefficient and aJ is the impurity exchange coefficient, a = 1 corresponds to the 
homogeneous case. 

Since the Hamiltonian commutes with Sz = ^iCi, the total Hilbert space can be expressed 
as a sum over subspaces characterized by the number of excited spins in the chain. We study 
the eigenvectors in the one excitation subspace. The basis set for this subspace is denoted 
by 1?^-) = (TT ••• Tint ••• T)) where n = 1, . . . , N, i.e. the basis set size is equal to the number 
of spins of the chain. 

In the one excitation basis, the Hamiltonian H is represented by a x matrix 

/ h aJ ... \ 
aJ h J ... 

n= J h ... 

': \ \ ■■■ J 

\ J h J 

The Hamiltonian, Eq. ([T]) can be solved exactly using the non-interacting particle rep- 
resentation given by the Wigner- Jordan Transformation, which maps the spin system into 
a spin- less fermion system pj]. However, we solve the eigenvalue problem Ticj = EiCi nu- 
merically. The eigenvalues Ei and the eigenvectors Cj allow us to construct all the relevant 
physical quantities. 

III. ENERGY SPECTRUM 



(2) 



The one excitation spectrum consists of N eigen-energies, denoted by 
{-El < E2 < ... < E^}. Choosing the total number of spins even, and substracting a 



constant that depends on h, the spectrum results symmetrical with respect to zero (E' = 
is not an eigenvalue) for any value of a. Then {Ei, Em} are negative values whereas 
{Em+1, En} are positive, where M = N/2. In the homogeneous case (a = aj = 1), 
the energy spectrum lies between the values ±2|J|. The size of the chain only changes 
the number of eigenvalues between those extreme values, becoming a continuous spectrum 
when oo. 
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FIG. 1: The one excitation spectrum vs a for a spin chain with 40 spins. For a large enough 
the spectrum shows two isolated eigen-energies and one band \E\ < 2\J\. The two isolated curves 
correspond to the minimal eigen-energy Ei (continuous line) and the maximal eigen-energy Ej\i 
(dashed). At the critical value ac the isolated energies go into the band causing a slight distortion 
on the behaviour of energies inside the band. In this figure we use | J| = 1. 

The inhomogeneous case shows a different behavior. For large enough a the minimal and 
the maximal eigen-energy become isolated from the band. There is a critical value ac which 
separates the region of the spectrum where the energies make a band (0 < a < ac) from 
the region where the energies make a band with two energies isolated {a > ac). When a 
grows large enough the minimal and maximal energies move apart from the band changing 
proportionally to —a and +a, respectively. This behavior is depicted in FiglH 

As can be seen from Figure [H most of the eigen-energies seem to be fairly independent 
of a, except for the minimal and maximal energies. Further insight about the behavior of a 
given energy can be obtained studying its derivative with respect to a. 

The value of a that separates the region where the minimal eigenvalue is isolated from the 
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FIG. 2: dEi/da vs a for different lenghts of the spin chain, from bottom to top, N= 20, 30,..., 100, 
120,..., 200, 250, .., 600. 

region where the minimal eigenvalue belongs to the band depends on A^. Roughly speaking, 
ac{N) is the larger value of a such that = for a chain of spins. When N ^ oo 
the critical value a^N) becomes independent of N. Figure [2] shows the behavior of for 
several values of A^. For large enough = for a < etc — v^- As we will show, there 
are other ways to detect when the minimal eigenvalue belongs to the band or is isolated. In 
the rest of the paper we use A^ ^ 40, and ac = limTv^oo «c(A^)- The maximal eigen-energy 
behaves similarly to the minimal eigen-energy so we do not present results about depends 
on the chain size. 

The behavior of the eigen-energies that are neither the minimal or the maximal is a bit 
more complex. There are to regimes in which the derivative of an eigen-energy is noticeable: 
i) for a < ttc there is a number of avoided crossings between successive eigen-energies, 
because of the "collision" among the minimal (or maximal) eigen-energy and the band; ii) 
near a = there are two eigen-energies that become degenerate. The system changes from 
a chain with A^ coupled spins to a chain with A^ — 1 coupled spins and an uncoupled spin 
that is affected by the external field. These two regimes are depicted in Figure [HI Outside 
the regions in which these regimes are observable, the derivative of any eigen-energy with 
respect to a is basically zero. In other words two given eigen-energies Ei{a) and £'4+1(0;) 
are, basically, two horizontal parallel lines, except in: i) a small region of a in which they 
present an avoided crossing; ii) the region near a —>■ 0. 
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FIG. 3: (a) Behavior of dEi/da for the first four eigenvalues in the region near Oc- The continuous 
hne corresponds to the derivative of Ei, the dotted to £'2, the dashed to S3, and the dot-dashed to 
i?4. The derivative of Ei approaches zero when the eigenvalue enters into the band. The small val- 
leys in the derivatives of Ei , E2 and E^ shown that these eigenvalues are non- increasing functions 
of a. When the derivative of the eigenvalues is nearly zero the distance between successive eigen- 
values remains constant, but when the derivative is different from zero two successive eigenvalues 
tend to be closer, presenting an avoided crossing, (b) dEi/da vs a, for i = M = N/2 (continuous 
line) ,M - 1 (dotted), M -2 (dashed), and M - 3 (dashed-dotted). The spin chain has N = 40. 
The eigen-energies are non-increasing functions of a, dEi/da < 0, Va. 

The eigenstates in the one excitation subspace £;(«)) are given by 



H{a)\^E{a)) = E\^E{a)). 



(3) 



The one excitation eigen-states can be written as an expansion in the one excitation basis 
set 

2N 



n=l 



where the coeficcients Cn{E,a) contain all the information concerning the localization and 
entanglement properties of the eigenstates. The coefficients Cn{E,a) can be written as 17| 



(5) 



We will use the expression in Eq. E] to analyze some of our numerical results. 
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The density matrix for each eigenstate is given by 
which is a X matrix in the one excitation subspace. 



(6) 



IV. LOCALIZATION OF THE EIGEN-STATES 

The locahzation of the eigen-states can be measured trough the inverse participation 
radio (IPR) |lo|, 

LiPBim = (7) 

where are the components of which is a vector of a D-dimensional Hilbert space. 
The minimum value in this measure is 1 when the state is highly localized [i.e., when \E'j is 
nonzero for only one particular value of i), and the maximum value is D when the state is 
uniformly distributed (ie., when \E'j = 1/\/D for all i). 

We are considering the one excitation eigenstates \E'j = Ci{E,a), where the Ci{E,a) are 
the coefficientes of Equation HI Figure H] shows the inverse participation ratio Lip^ of several 
eigenstates {|\E'£;^), I^^Em)} a function of the impurity coupling a . Two states with 
symmetrical eigen-energies with respect to zero, say I^E'Ej) and |^'£;jv_j+i) where j < N/2, 
have the same IPR. For these two eigenstates we get that 

i i 

with 

= cte X {-iy^f-'+^\ cte = ±1, (9) 

from this relationship it is easy to obtain that Lipnd"^ Ej)) — ^iprH"^ En+i-j))- a conse- 
quence, each curve in Figure H] is double. 

We call a state |\E') extended if L/pr(|\E')) ~ 0{N), i.e. when the inverse participation 
ratio is of same order than the length of the chain. 

There are three regions where the behaviour of the Ljpn is qualitatively different. These 
regions are separated by a j and ac, for these two values of a all the eigenstates are equally 
localized. 

The interval < a < aj shows several localized eigenstates corresponding to energies 
close to zero. Calling a^. the value of a such that Ljpp{Ei, a) = L/pp(|\E' £;.(«))) attains its 
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FIG. 4: The IPR (-L/p/j = X^j l^tP/ X^i 1^*1^ ) of different one excitation eigen-states vs a, for 
spin chain with N = 200. The values of aj and Oc are shown. For a >> ac, the curves of the IPR 
for the all eigen-states, except those corresponding to the minimal and maximal eigen-energies, 
collapse into a single curve. For a > Oc the curves with Ljpji ~ 1 correspond to the minimal and 
maximal eigen-energy states. The steep behavior of these curves when a — > shows the change 
from well localized to extended states. The localized states, with low IPR, that appear for a < Oc 
correspond to states with eigen-energies near the center of the band. Near a = there are several 
localized states. Each curve is double as explained in the text. 

minimun, the numerical results show that < d]^^ -^ < i-e. the state is more locahzed 
as it is closer to = 0. Besides, the number of localized states increase with as can be 
seen comparing Figures H] and [5l which correspond to = 200 and = 40 respectively. 

For values of a larger than ac, but very close to this value, the states become more 
localized, while at ac they are all equally localized. Conversely, for values of a smaller than 
ac, but very close to this value, the states become more extended than at ac- The size of 
the interval around ac in which this behavior can be observed depends on the size of the 
chain (compare Figures H] and E]) • The peaks of IPR observed for a < ac become sharper 
when grows. 

In the interval a > ac there are only two eigenstates highly localized, they correspond to 
the minimal and maximal eigen-energies, Ei and En, the other states are extended through 
A^ — 1 sites of the chain. 

Summarizing, it is clear that an eigen-state changes its localization when its eigen-energy 
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FIG. 5: The IPR of different one excitation eigen-states vs a, for spin chain with N = 40. The 
changes around are not as pronounced as in the chain with N = 200 spins, compare with 
Figure [H 

changes as a function of a. The localization changes in the region around ac because there 
the spectrum has the avoided crossings previously described. 

While the IPR is useful to evaluate how much extended or localized is a state, it is a very 
limited tool as we will show below. In the case of a chain with only one impurity the states 
inside the band are very similar to the states of the homogeneous chain, i.e. they are wave- 
like superpositions of the one excitation basis set \n), the coefficients of the superpositions 
are given by Eq. [5] with 6 real. For a > ac the minimal eigen-energy state is quite different, 
the coefficients of the superposition \E'j corresponding to I^^Ei) decay exponentially, see 
Figure [61 The Figure [6] shows the coefficients \E'j for |\E'£;^(q;)) (for a = 1.6) and l^^EMi^)) 
(for a = 0.1). Despite of their very different behavior both states are equally localized if the 
measure of localization is the IPR, effectively Lipjii^ Ei) = Ljp^i^^ Em) — 5.6 for the states 
whose coefficients are shown in Figure El This indicates that the IPR can not distinguish 
the exponentially localized state from the state with a wave-like superposition extended over 
the chain if the latter has its coefficient \E'i large enough. 
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FIG. 6: (color online) The coefficients for two different eigenstates, \^Eiioi)) for a = 1.6 (black 
squares) and l^EAfi'^)) ^ ~ 0-075 (red circles). The lines are included as a guide to the eye. 
The states and the values of a were chosen to obtain equal values for their inverse participarion 
ratios. The inset shows a zoom of the region near i = 1 

V. ENTANGLEMENT 

The bipartite entanglement between two qubits can be calculated using the Concurrence 
[20I . The Concurrence of two qubits in an arbitrary state characterized by the density 
matrix p is given by 



C{p) = max{0, Ai - A2 - A3 - A4}, (10) 

where the Aj are the square roots of the eigenvalues, in decreasing order, of the non-Hermitian 
matrix pp. The spin-flipped state p is defined as 

p= {a^ ^ay)p*{ay ^a^), (11) 

were p* is the complex conjugate of p and it is taken in the computational basis, which for 
a pair spin-| particles is{| tT))| Ti)l iT))| ii)}- The concurrence takes values between 
and 1, where means that the state is disentangled whereas 1 means a maximally entangled 
state. 

When considering a subsystem of two qubits on the chain, the concurrence is calculated 
with the reduced density matrix. The reduced density matrix for the spin pair p^^'''\a), 
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corresponding to the eigen-state |^e(q;)) is given by 



p^^'\a) = tr \^E{a)) = trpE{a), (12) 

where the trace is taken over N — 2 spins, those different from i and j, so p^^^\a) is a 4 x 4 
matrix. 

The structure of the reduced density matrix follows from the symmetry properties of the 
Hamiltonian. Thus, in our case the concurrence C(p*^*'-'^) depends on i and j, i.e. the indexes 
of the sites where the spin pair lies. Note that in the translationally invariant case C(p^*'-^^) 
depends only on \i — j I . In what follows = C(p(^'^)). 

Using the definition {A) — Tr{pA) , we can express all the matrix elements of the density 
matrix p^*'^^ in terms of different spin-spin correlation functions, in particular, for nearest 
neighbors spins and eigenstate I^'e ), we get 



where 



/ aj 0\ 

dj 

\ oy 

dJ^l{{I-a^)M' + I)i^^)E,, 
I is the 2x2 identity matrix, af = {af ± icrf)/2, and 



(13) 



(14) 
(15) 
(16) 



(17) 



Thus, the concurrence results to be 



Ci,i+i{pEj) = max{0,4 | ((J+a^+i)^. | ^/j^^}. 



(18) 



Using the Hellmann-Feynman theorem, and the symmetry properties of the Hamiltonian, 
we find that 



da 



(19) 
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From the expression for the reduced density matrix p(*'*+^), Eq. [131 it is clear that when 
(cTj^cTj+i) = the reduced density matrix is diagonal and the bipartite entanglement is zero. 
Moreover, from Eq. [191 when = we have that CuiPEj) = 0. 

For the set of eigenstates that we are considering, the expression for the concurrence can 
be further simplified. It can be shown that 

&. = (*Sl)^ c, = c$^^r. (20) 

So, the concurrence for the first two spins in the eigenstate {"^e ) is given by 



Ci2 = max < 



Note that the eigen-states are not degenerate Va 7^ 0, so it is equivalent to refer to a 
given state with eigen-energy Ei using the eigen- vector I^E^eJ or the density matrix pEi = 
\'^Ei){'^Ei\- The concurrence of the spin pair {i,j) when the system is in the eigen-state Ei 
is denoted by Ciji^pE^) (we have dropped the superscript (i, j) for shortness). 

We are interested in the relationship between localization and entanglement for the whole 
one spin excitation spectrum. We start analyzing what happens with the bipartite entangle- 
ment of the minimal eigen-energy state, Ei. According to Figure HI the minimal eigen-energy 
state is strongly localized for large enough values of a. This state becomes more extended 
for a < ttc- 

We calculated the concurrence between the first and second spins Ci_2 , i-e. the impurity 
site and its nearest neighbor site, as a function of a for the minimal eigen-energy state. 
Figure [7] shows the behavior of Ci^2{pei) as a function of a. The results shown in Figure [7] 
are consistent with our findings for the IPR of the minimal eigen-energy state: for large 
enough a (a >> Oc) the state consists in an entangled pair formed by the two first spins 
almost disentangled from the rest of the chain. When a — the concurrence Ci^2 0. 

Using Equations M and [211 it is straightforward to obtain that 

CMpe,) = C,2iPE^_,^,), 3 = 1,..., N/2, (22) 
since that for eigenstates with symmetrical eigen-energies respect to zero we have that 

(23) 



dEj _ dE]\f_.j^i 



da da 

The results presented until this point can be summarized as follows: the eigen-states 
corresponding to the minimal and maximal eigenvalues present C12 7^ for a > a^, while 
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FIG. 7: The entanglement shared between the first spin (the impurity site) and and its nearest 
neighbor, measured by Ci^2{pEi) vs a. When the state is locahzed, a > Oc, it is entangled too. At 
the critical point, and for a < Oc Ci^2{pEi) = consistenly with = for a < Oc ■ 

the states inside the band have C12 7^ basically for a < ac, more precisely, as functions of 
Ci,2(PBi(tt)) and Ci^2(p_E]v(«)) present their maximun value for a > while Ci^2iPEiici)) 
presents its maximum for a < ac, ii i ^ 1,ot N . 

As mentioned above, when the minimal (or maximal) eigenvalue enters into the band 
there is a number of avoided crossings in the spectrum and the localization of the different 
eigenstates involved in those avoided crossings changes. So it makes sense to take a look at 
the behavior of Cu for the eigenstates with energies close to Ei in the region of a < ac- 
Figure [H] shows the concurrence C12 for a few eigenstates. 

The behavior of the curves shown in Figure M suggests a way to order the eigen-states 
through the position of the peaks of each curve. Calling a™ to the abscissa where Cui^pEi («)) 
has its maximun, then a™ > ... > a^. A similar scenario can be observed in the behavior of 
the concurrence of the eigenstates near the top of the band when the maximal eigen-energy 
comes into the band. 

Because bipartite entanglement is a local quantity while IPR is global, it is natural to ask 
about the behavior of the bipartite entanglement of other pairs of spins and what features 
of C12 remain or not when looking at some pair of spins + 1). We choose to study C23, 
i. e. the first pair on the chain that does not include the impurity site. Figure [9] shows the 
behavior of C23 for the minimal eigen-energy state and for other few eigenstates. 
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FIG. 8: (color online) Ci2{pEiio)) vs a, for i = 2, 3, ... , 11. The results were obtained for a chain 
of M = 40 spins. Each curve Ci2{pE^{o:)) has a single peak. The peaks are ordered by eigen-energy, 
the rightmost peak corresponds to Ci2{pE2{oi)) (red dashed line), the peak to its left corresponds to 
CuiPEsici)), and so on. The leftmost peak corresponds to the curve with the highest eigen-energy 
shown in the figure, £^11 (blue dashed-dotted line). 




FIG. 9: (color online) €2,3 vs a for a spin chain with N = 40. (a) C2,3{pei) vs a. (b) C2,3(p_eJ, 
i = 2,3, . . . 11, each curve has a single maximun, the leftmost peak corresponds to C2^3{pE2) ('^ed 
dashed line) and the rightmost to C2,3{pEi_i) (blue dashed-dotted line) . 

The behavior of C2,3(p_Bi(a;)) , as shown in Figure [HI is quite similar to the behavior 
of Ci^2(p_Ei («)), compare with Figure [71 Both concurrences give, more or less, the same 
information: the eigenstate has (bipartite) entanglement for a > ac, and the (bipartite) 
entanglement is zero for a < ac- Each curve Ci^2{pEi{(^)) has a single maximun. Again, it is 
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possible to order the eigenstates accordingly with its entanglement, calling the abscissa 
where C23(p£;,(a)) has its maximun, then again > ... > a^, however it must be noted 
that the ordinate of the peaks decreases when the eigen-energy of the state grows. 

VI. DISCUSSION 

Except for the states and |\&Ar) in the region where their eigenvalues are isolated from 
the band, the one spin excitation eigenstates are weakly entangled. For a > ac the minimal 
eigen-energy state can be written as = where the coefficientes "^f^^ decay 

exponentially for i > 2. Actually, all the eigenstates inside the band can be approximated 
by the eigenstates of the homogeneous problem with wave-like coefficients as in Eq. El but 
for the \E'i coefficient. The coefficient \E'i behaves differently because of the presence of the 
impurity. 

When |\E'i) is localized, a > ac, < "^^2^- Instead, when a state inside the band 
is localized, say |^_Ej), ^i"*^ > ^2"*^ and the coefficients with n > 2 are roughly given by 
^U) ^ ^^idn ^ ^i^-i9n _ o{l/y/N) (see Figure El and Eq. E). 

The scenario described in the previous paragraph explains, why {"^Ei) and I^E'^;^) are the 
only eigenstates that carries a significant amount of entanglement for a large enough. C12 is 
proportional to i) the derivative of the eigen-energy, which is significant only for Ei and Ei\f 
for a > ac] ii) the coefficients \E'i and \E'2 (Eq. [2T]) . In the case of a exponentially localized 
state, for example |\E'£;j(a = 2)), the first two coefficients are such that \I'^^'* ~ For a 

state \'^Ej)j belonging to the band, the derivative of the energy is small and \E'P ~ l/\/iV 
(i > 1) which results in a very small value for Cu- From Figure El \dEj/da\ < 0.3, \E'P ~ 
I/V2OO and ~ 0.6. Collecting these values, we get Cu < 7 x 10 for a typical state 
inside the band, which is in excellent agreement with the results shown in Figure El 

The argument in the previos paragraph explains why two eigenstates with similar inverse 
participation ratio, I^^Ei) for a > ac and I^^Em) a — 0, do not have similar entanglement, 
the former has =i vj/W ^nd the latter has vE^^^"^ ~ I/a/ZV. 

The set of one excitation eigentates, of the chain with one impurity, possess only one 
eigenstate that carries a significant amount of entanglement could has inmediate conse- 
quences if the chain were to be used to transfer entanglement from one extreme of the chain 
to the other. Since the only eigenstate with significant entanglement is located at the impu- 
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rity it seems that it is necessary to locate impurities at both extremes of the chain in order 
to successfully transfer entanglement. This is consistent with the findings of Plastina and 
Apollaro in 21|. 

There is enough evidence to affirm that the entanglement of quantum states whose eigen- 
energies present avoided crossings will show steep changes near of them ( 18| , 22|] , this work) . 
In our case there is a number of avoided crossings that appears between succesive levels, 
when El comes into the band as a decreases from values larger than the critical. The avoided 
crossing between Ei and E2 is nearer to ac than the avoided crossing between E2 and E3, 
and so on. This is the behavior depicted in Fig. [HI The width of the peak in C12 of a given 
state (see Fig. [HI) is related to the magnitude of the derivative of the eigen-energy of the 
state, the peak is sharper for Ci2{pe2) and the succesive peaks are more and more rounded. 

While IPR is an appealing quantity since it is very easy to calculate, we have shown that 
it is not possible to guess how much entanglement has a given state. Moreover, we have 
shown that IPR is not always useful to determine localization. The examples analyzed show 
that based on the IPR it is not possible to guess how much entanglement has a given state, 
anyway it remains an appealing quantity since it is very easy to calculate. There is not, 
to our knowledge, a simple quantity that allows to relate, in a direct way, localization and 
entanglement. This subject will be object of further investigation. 
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